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e [a, b] invariant for the dynamic : f~(x(t)) < x(t) < fH(x(t))
e Convergence of J[x.)]

Euler-Lagrange equation :

e necessary condition.
e Algebraic equation : C(x) = A'(x) + 6B(x) =0
e X={Xx€e(ab): C(x)=0}

e Assume Card X finite.
e (H5) 0 < C(a") := Iim+ C(x), 0>C(b7):= lim C(x).
X—a

X—b—



Most Rapid Approach Paths




Most Rapid Approach Paths

MRAP(xp,X) :  x*(-) € Adm(xp) s.t.

IX*(t) = X| < |x(t) — X| Vt>0
for all x(-) € Adm(xp),



Most Rapid Approach Paths

MRAP(xp,X) :  x*(-) € Adm(xp) s.t.

Ix*(1) — x| < |x(t) — x| Vt>0
for all x(-) € Adm(xp),
e unique solution



Most Rapid Approach Paths

MRAP(xp,X) :  x*(-) € Adm(xp) s.t.

[x*(t) — x| < |x(t) — x| Vt>0
for all x(-) € Adm(xp),
e unique solution

<
x(t) = 0 if  x(t)=
f=(x(t)) if x(t)>

e From f*(a) > f~(a), MRAP(a, X) exists.
(similar for b).

{f+(x(t)) it x(t)
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(idem for b).
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proof 2)

- C(.)f*(.) lipschitz on (a, b), then continuous on [a, b]
therefore V,(a) is finite.

-Vedx.(.) € Adm(a), Va(a) < [o° e 'C(x-(1)x(t) dt + ¢
-IAC) x(8) = AOF(x() + (1 = A(0)FF(x:(1))

-y(1) = MO (y(1) + (1 = M) (x(1)), y(0) =z

- [Va(a) — Va(2)| <

Jo© e HINICF (xe) = Cf~(¥)| +[1 = A||Cf* (x.) — Cf ()|}t +¢
< Joo e k|x. —y| dt + e

<2e¢+la—z|M (Gronwall).
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V,(-) is a viscosity solution on (a, b)

of the Hamilton-Jacobi :

§Z(x) — max[(C(x) + Z'(x))f~ (x),(C(x) + Z'(x))f"(x)] =0



On the proof



On the proof

Dynamic Programming Principle :

Va(x) :A(s#?x) OTe“”C(x(t)))'((t)dt + e 0T Vuo(x(T))



On the proof

Dynamic Programming Principle :

Va(x) :A(s#?x) OTe“”C(x(t)))'((t)dt + e 0T Vuo(x(T))

X € (ab) o():



On the proof

Dynamic Programming Principle :

Va(x) :A(s#?x) OTe“”C(x(t)))'((t)dt + e 0T Vuo(x(T))

Xo € (ab) ¢():Va(xo) —d(x0) =0, Va(x)—¢(x) <0



On the proof

Dynamic Programming Principle :

Va(x) :A(S#'(Ox) OTe“”C(x(t)))'((t)dt + e 0T Vuo(x(T))

Xo € (ab) ¢():Va(xo) —d(x0) =0, Va(x)—¢(x) <0

sup { Te“”C(x(t)))'((t) + e T(x(T)) — ¢(x0)} > 0.
Adm(xo) /0



On the proof

Dynamic Programming Principle :

Va(x) :A(S#'(Ox) OTe“”C(x(t)))'((t)dt + e 0T Vuo(x(T))

Xo € (ab) ¢():Va(xo) —d(x0) =0, Va(x)—¢(x) <0

sup { Te“”C(x(t)))'((t) + e T(x(T)) — ¢(x0)} > 0.
Adm(xo) /0

e To(x(T)) — d(x) = OTC‘,’, e~%p(x(t))at
= [ [t/ (x()x(t) — de~*te(x(1))]alt
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)
sup {7 [ e MC(x() + D) — Bolx(D)let) > 0

Adm(xp)

sup [(C(x0) + ¢'(x0))X — dé(x0)] >0
x(0)€[f~(x0),f* (x0)]

max[(C(xo)+¢'(X0))f~ (X0), (C(X0)+¢' (%)) (x0)] =6 Va(Xo) > O

0Va(x) — max[(C(x) + ¢'(x))f~(x), (C(x) + ¢'(x))IT(x)] <0

V5 (.) viscosity solution .
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xe X fixed:
B[MRAP(x,X)(.)] = [;° e °tC(x(t))x(t) dt

= Jg et (x(t)x(t) dt

(x(1)x
where x(7(x)) = X
+

Let y = x(t), for x < X dy = x(t)dt = fT(x(t))dt.

t — y = x(t) invertible

f+(2)

_ X _5fy dz
LIMRAP(x.X)()] = | Cly)e ¥ Faiay
X

frox<Xx f~ :x>Xx
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2) From f(a) > f~(a) =0, 0 = f*(b) > f~(b),
Jo[MRAP(x, X)](.) continuous w.r.t. x on [a, b]

To(x) := max b[MRAP(x, X)]

xeX

From f*(a) > f~(a) =0, 0 = f*(b) > f~(b),
then Ty(.) continuous on [a, b].
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Value along a MRAP...

Second Main Result
To(.) is a viscosity solution of

H(x,Z(x),Z'(x)) =
80Z(x) — max[(C(x)+ Z'(x))f (x),(C(x) + Z'(x))fT(x)] =0

On the proof

1) Ta(x) > 0,Vx € [a, b]
2)When T;(.) differentiable at x, then

) = 70 T) — OW)

3) x < X,

H(x, Ta(x), TY(x)) = 6Ta(X) — max( -0 Ta(X)f~(x), 6 Ta(x)]

f+(x)



Vo(.) and To(.)

Proposition
Under assumptions (H1)-(H5), we have :

e Under f*(a) > f~(a), then T(a) = V(a).
e Under f~(b) < f+(b), then T(b) = V(b).
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Uniqueness of the solutions of H-J

Theorem (Bardi, Barles, ..)

e S(-) and W(-) are solutions on 2 (open bounded) of a
same Hamilton-Jacobi equation 6U(x) + H(x, U'(x)) = 0.

e S(-) and W(-) are continuous on Q.

e S(-) and W(-) take same values on the boundaries 99.

e H(x,p) satisfy

|H(x,p) — H(y,p)| < F(Ix — yI(1 +[p]))

where F : [0,00) — [0, 00) is continuous nondecreasing
with F(0) =0, forall x,y € (a,b) and p € R.

Then S(.) = W(.)on Q
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Optimality of the MRAPs

Therefore

V() = Ta(.), Vx € [a, b]
and thus

V()=T(), Vx€]a,b]
We proved

The MRAPs are optimal solutions.



